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Space-frequency model of ultrawide-band interactions in free-electron lasers
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The principle of operation of intense radiation devices such as microwave tubes, free-electron lasers, and
masers, is based on a distributed interaction between an electron beam and electromagnetic radiation. Some of
the effects emerging during the interaction involve a continuum of frequencies in their broadband spectrum.
We developed a three-dimensional, space-frequency theory for the analysis and simulation of radiation exci-
tation and propagation in electron devices and free-electron lasers operating in an ultrawide range of frequen-
cies. The total electromagnetic fielchdiation and space-charge wayvespresented in the frequency domain
as an expansion in terms of transverse eigenmodes ofctild) cavity, in which the field is excited and
propagates. The mutual interaction between the electron beam and the electromagnetic field is fully described
by coupled equations, expressing the evolution of mode amplitudes and electron beam dynamics. The approach
is applied in a numerical particle cogs3p, simulating wideband interactions in free-electron lasers operating
in the linear and nonlinear regimes.
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[. INTRODUCTION Many models have been developed to describe the mutual
) ) interaction between the gain mediyglectron bearmand the
Electron devices such as microwave tubes and freegycited radiatiori34—46. Previous works on multifrequency
electron laser$FELS) utilize distributed interaction between rg| models were carried out to investigate longitudinal
an electron beam and electromagnetic radiation. In freeq,oges dynamics and competition in FEL oscillatp4g],
electron lasers, accelerated electrons are passing through &gepand effects in waveguide-based FEUS], radiation
undulator exciting electromagnetic radiation inside a CaVitydynamics and frequency tuning in high-power free-electron
as illustrated schematically in Fig. 1. Each of the individualmasers[‘lg], and self-amplification of spontaneous emission

electrons in the beam emits a partially coherent radiation, ihe high-gain regimé50]. Most of these models are based
which is called undulator synchrotron radiatit]. Random o 4 solution of Maxwell equations and the Lorenz force
electron distribution in the-beam causes fluctuations in cur- equation in the time domain. Contrary to these space-time

rent density, identified as shot noise in the beam currentyogels, formulation of the electromagnetic excitation equa-
[2-5]. The total field is given by a summation of all the jjons in the frequency domain inherently takes into account
contributions of individual electrons to the radiation, resu“‘dispersive effects arising from the cavity and the gain me-
ing in a spontaneous emissi¢f-14. In high-gain FELS,  giym. Moreover, it facilitates consideration of the statistical
utilizing sufficiently long undulators, the spontaneous emisteapyres of the electron beam and the excited radiation, nec-
sion radiation excited in the first part of the undulator isessary for the study of broadband phenomena like spontane-
amplified along the remainder of the interaction region, re,s emission, synchrotron-amplified spontaneous emission
sulting in  synchrotron-amplified = spontaneous emissiongasp super-radiance, and noise.

(SASB [15-20. It was shown that, when the bunch lengthis |, this paper we develop a space-frequency model, which
shorter than the cooperation length, but still much longeescrines broadband phenomena occurring in electron de-
than the radiation wavelength, bunching develops spontangjces, masers, and FELs and characterized by a continuum of
ously along the interaction region, giving rise to a self-fequencies. The total electromagnetic field is presented in
induced superfluorescent radiatip?l,23. When the elec- he frequency domain as a summation of transverse eigen-

tron beam is premodulated to a single electron bunch shortef,qes of the cavity in which it is excited and propagates. A
than the oscillation period of the emitted radiat|@3—27] or

to a periodic prebunched bed28-31], the wave packets of
the undulator synchrotron radiation emitted by each of the
electrons in the beam add up in the phase, generating ¢
super-radiant emissiof32]. Analytical relations between
power spectral densities of spontaneous and super-radian
emissions were developed in REB3]. The spectra of these
radiation phenomena contain a continuum of frequencies and
may be spread over a wide range of wavelengths.

Cavity

FIG. 1. Schematic illustration of a pulsed beam free-electron
*Electronic address: yosip@eng.tau.ac.il laser.
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set of coupled excitation equations, describing the evolution . THE WIENER-KHINCHINE AND PARSEVAL
of each transverse mode, is solved self-consistently with THEOREMS FOR ELECTROMAGNETIC FIELDS

beam dynamics equations. This coupled-mode model is em- The cross-correlation function of the time dependent elec-

ployed in a three-dimensional numerical simulation codemC E(r 1) and maanetidd(r 1) fields is aiven b
wB3D [51,52. The code is used to study the statistical and (r.Y 9 (r.9 9 y

spectral characteristics of multimode radiation generation in e .
a free-electron laser, operating in various operational param- Ren(Z,7) :f {f f [E(r,t+7) X H(r,H]-zdx dy}dt.
eters. The theory is demonstrated also in the case of “graz- -

ing”, when the group velocity of the radiation mode is equal (7)

to the axial velocity of the electrons, resulting in a widebandyote that for finite energy signals, the total energy carried by
interaction between the electron beam and the generated rgy, electromagnetic field is given BY(2) =Rey(z, 0).

diation. According to the Wiener-Khinchine theorem, the spectral
density function of the electromagnetic signal energy
[l. PRESENTATION OF THE ELECTROMAGNETIC SH(z,f) is related to the Fourier transform of the cross-

FIELD IN THE FREQUENCY DOMAIN correlation functionRg(z, 7) through the Fourier transfor-

The electromagnetic field in the time domain is describednatlon
by the space-time electrie(r ,t) and magnetidi(r ,t) signal B i +i2mtr
vectors. Herey stands for the(x,y,z) coordinates, where SEH(Z’f)—J_OC Ren(z 7)€ dr
(x,y) are the transverse coordinates ands the axis of

propagation. The Fourier transform of the electric field is _ « A
defined by = [E(r,f) X H (r,f)]-zdx dy
oo ) 1~ ~
E(r,f) :J E(r,t)et? ! dt, (1) ff Z[E(r,f) X H(r,f)]-zdx dy f>0
where f denotes the frequency. A similar expression is de- JJE[E(r,—f) XH(r,-H)] -2dxdy f<o0.
fined for the Fourier transforrA (r, f) of the magnetic field. 4
Since the electromagnetic signal is refle., E'(r,t) (8)

=E(r,t)], its Fourier transform satisfies'(r , f)=E(r ,-f).
Analytic representation of the signal is given by the com-
plex expressioff52]

Note that, being the Fourier transform of a real function
Ren(z, 7), the resulting energy spectru(8) satisfiesSz(z,

-f)=S4(z,1).
= _ = Following Parseval theorem, the total energy carried by
E(r,t) =E(r,t) - jE(r,1), 2 e )
.9 (r.t) = JE(r.Y & the electromagnetic field can also be calculated by integrat-
where ing the spectral densit$:(z,f) over the entire frequency
- domain
— rt'
E(r,t) :f ( ,)dt’, ©)] e
- -t W(z) = Sch(z f)df
is the Hilbert transform o&(r,t). Fourier transformation of w 1
the analytic representatig®) results in a “phasorlike” func- :f {f f = Re{E(r,f) X ﬁ*(r,f)} .5 dx dy]df‘
tion E(r,f) defined in the positive frequency domain and 0 2
related to the Fourier transform by (9

2E(r,f) f>0 We identify

a2 [E(r,f) X H (r,f)]-Zdx dy(,

The Fourier transform can be decomposed in terms of the

phasorlike functions according to (10
1~ 1~, as the spectral energy distribution of the electromagnetic
E(r,f) = EE(f.f) + EE (r,=1), (5)  field (over positive frequenci@sNote that for non-negative
frequencied =0
and the inverse Fourier transform is then dM(2)

1 - SEH(va) + SEH(Z! - f)

+0 _ © _ df -
E(r,t):J E(r,f)e’? "t df = Re{f E(r,f)e‘Jz’Tf‘df}.
— 0

® = ZJ;: Ren(z, ) codg 27 fr)dr. (11
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IV. MODAL PRESENTATION OF ELECTROMAGNETIC TABLE I|. Operational parameters of millimeter and submillime-
FIELD IN THE FREQUENCY DOMAIN ter wave free-electron maser.

The phasorlike quantities defined () can be expanded
in terms of transverse eigenmodes of the medium in whicH\ccelerator

the field is excited and propagates, as done in R&f%-55  Electron beam energy: Ex=1-6 meV
for steady-state, single frequency fields. The perpendiculatiectron beam current: lo=1A
components of the electric and magnetic fields are given iftjectron beam pulse duration: T=0.1ps

any cross section as a linear superposition of a complete set
of transverse eigenmodes

Wiggler
~ ; ik T Magnetic induction: B,,=2000 G
E f) = etk + C_ (z f)e kz w
L(r,f) %[Cm(z, )e C(zhelkdlg,, (x,y), boriod: " s om
(12) Number of periods: N, =20
H,(r,f) = > [Ciq(z. Fetked - C_o(z, e ked]H,, (x,y).
. Eq:[ " a THau ey Waveguide
Rectangular waveguide: 3657.5 mm
C.4(z,f) and C_4(z,f) are scalar amplitudes of ttgth for-
ward and backward modes, respectively, with electric field ~ Mode Cutoff frequency
£,.(x,y) and magnetic fieldH,, (x,y) profiles and axial TEo 20.0 GHz
wave number TEz, TMpy 28.3 GHz
TE41, TM41 44,7 GHz
ol jVkiq—K* k<k.q (cutoff modes, TEgs 60.0 GHz
A INDZ kqu k>k,q (propagating modes
(13
wherek=2#f/c andc=1/\eou, is the velocity of light. \ /@L = 2mfp for TE modes,
Expressions for the longitudinal component of the electric 7 = €0 kzq Kzq (17)
. . . . B q -
and magnetic fields are obtained after substituting the modal poksg_ K
representatior(12) of the fields into Maxwell’s equations, —-H=_—1- for TM modes.

. ~ o e k 2ufe
where source of electric current densityr , ) is introduced o ) _ )
Substituting the expansiofi2) in (10) results in an ex-

~ _ ko - ik, |7 pression for the spectral energy distribution of the electro-
B0 % [Cqlz.Tle Coq(zNeedIEedxy) magnetic fieldover positive frequenci¢ss a sum of energy
spectrum of the excited modes

I, ),

+
j2mfeg

(14)
H(r,f) = 2 [Coglz. e + C_g(z, HeThe ]y fx,y).
q

1200

The evolution of the amplitudes of the excited modes is
described by a set of coupled first-order differential equa-

tions
800

600 |

d 1 _ Z \~
< R Zg

+ 232(r,f)} -Z‘;(x,y)dx dy. (15)

400 |

Frequency [GHz]

The normalization of the field amplitudes of each mode is ]
made via each mode’s complex Poynting vector power

2 3 4 5 6
Ny= f J [Eq1(xY) X M, (xy)]-2dxdy,  (16) Beam Energy [MeV]
FIG. 2. (Color online Energy dependence of the dispersion

and the mode impedance is given by solutions.
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TABLE Il. Synchronism frequencies for several beam energies.

Synchronism frequencid&Hz)

Beam energy

(MeV) TEp1 TE;, TMy TE4, TMyy TEps
1.62 69.6(grazing
2.00 46.1, 149.5 --- --- -
2.44 42.0, 230.5 136.@yrazing
3.00 39.8, 348.4 88.9, 299.3
4.09 38.2, 632.9 78.1, 592.9 33ddrazing
5.00 37.5,927.8 75.0, 890.3 2175, 747.8
5.60 37.3, 1151.0 73.9, 1114.5 203.6, 984.8 6Qgrézing
dW(z 1 Ny
d: - % SUCz NP~ [Cq(z NI IRENG) I, =- %El (;’-;) s(x=x)8y - y)at-(2)]. (22)
propagating

+ IM{C,4(z,f)Co(z, HHM{N}. 18 . :
% {Crg(2 DC o2 DHMNG} (18) Here,Q=I4T is the total charge of the-beam pulse with dc
cutoff currently and temporal duratioff. The phasorlike current
density is given by

V. THE ELECTRON BEAM DYNAMICS

oo N
The state of the particleis described by a six-component ~ J(r,f) = 2U(f)f J(r, et =~ ZU(f)QE (i>
vector, which consists of the particle’s position coordinates - =1\ Uz
r;=(x,Y;,z) and velocity vectow;. The velocity of each par- X 8(x = x;) 8y — y;)et27ti@ (23
ticle, in the presence of electri€(r,t) and magnetic

B(r,t)=uoH(r,t) fields, is found from the Lorentz force

equation and its substitution into the excitation equatidrib) leads to
dv; 1{ el dy
=~ B ) +vi X B t)] -vi—~ r, d _,.10Q 1(Zq o
dz %| mo, dz d—ZC+q(z,f) = ij\—/qﬁgl ; - Vi Eaq (XY
(19 !
+E;q (Xiayi) ej[27-rfti(z)1kzqz]_ (24)
where e and m are the electron charge and mass, respec- ‘
tively. The fields in Eq(19) represent the totaldc and ag
forces operating on the particle, and include also the self- ° 7]
field due to space-charge. The Lorentz relativistic fagiaf E;=2.00 MeV
each particle is found from the equation for kinetic energy f1=46.1 GHz
6 £,=149.5 GHz
dy, e 1
= = v EnY). (20)
dz mc vz S
S
a~
The time it takes a particle to arrive at a positiaris a
function of the timety; when the particle entered 2t 0, and waveguide ——
its instantaneous longitudinal velocity;(z) along the path of 2] E fl & Niv
. =L
motion fy=69.6 GHz
: . . Y beam‘ | | | |
t, Z :t .+ —dz’ 21 -5 0 5 10 15 20 25
I( ) 0; fo Uzi(zl) ( ) kz/kw
The current distribution is determined by the position and  FIG. 3. (Color onling Dispersion solutions for T transverse
the velocity of the particles in the beam mode forE,=2 MeV.
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FIG. 4. (Color onling Super-radiant emission from an ultrashort ~ FIG. 5. (Color onling That of Fig. 4, but at grazing condition
bunch when the beam energylig=2 MeV and a single Tf; mode  for mode TE, (the beam energy iE,~1.62 Me\).
is excited:(a) Energy spectrum(b) temporal wave packet; ana)
correlation function.

The resulting expression, together with the beam dynamicgbove is employed in thevB3D numerical code, aimed at
equations(19—(21), forms a closed set of equations, en-Simulation of free-electron laser operation at wideband fre-
abling a self-consistent solution of the electromagnetic fieldgluencies.

(radiation and space-charge wav@s electron devices and Following (20), the total kinetic energy of all particles in
free-electron lasers. The space-frequency approach describdw electron beam is given by
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FIG. 6. (Color onling Energy spectra for different acceleration energies:E,=2.44 MeV (grazing in the Tk;, TM,; modes; (b)
E,=3.00 MeV; (c) Ex=4.09 MeV (grazing in the Tk, TM,4; modes; (d) E,=5.00 MeV.

m

C2 N
£, ()= %%El (%@ 1],

(25)

(28)

2m
ke (f) = ?\/fZ ~ e,

The change in the kinetic energy of the beam is calculated bythere feq =(c/2mk 4 is the cutoff frequency of the mode.
In synchronism with that mode, the dispersion relation for
the electron beam is given by

substituting Eq(20) into the derivative of25)

dE oo 1
beam

Ao _ =R v E(rL ).
dz Ni:1 UziVI ( i |)

Note that the energy conservation

W(z) + Ekbeam(z) =W(z=0) + Ekbeam(z =

(26)

0),

accuracy at any planealong the interaction region.

VI. NUMERICAL RESULTS

verse modey follows the dispersion relation

(27)

ke (F) = 2, K, (29
U0

wherev, is the average velocity of the accelerated electrons
andk,=2m/\,, (\, is the wiggler’s periogl The correspond-
is used in the code for monitoring of numerical calculationing curves of synchronism frequency vs beam energy for the
FEM are shown in Fig. 2. Only waveguide modes which
have in their field profile components that interact efficiently
with the wiggling electrons are shown. Table Il summarizes
To demonstrate the utilization of the model, we present £€veral examined cases resulting from &9) in the multi-
study of super-radiant emission in a waveguide-based, pulsdfRnsverse mode operational regime. For each transverse
beam free-electron mas€¢FEM), with operational param- modeq, t'he acceleratlon_energﬁ( can be set to excite two
eters given in Table I. Such a FEM is expected to operate dféduencies corresponding to the "S.'O"("”gq<"20) and
millimeter and submillimeteTHz) wavelengths. When a “fast” (vg,>vz) synchronism frequencies or to the special
FEL utilizes a waveguide, the axial wave number of trans-case of “grazing,” wherey =v,, and a single synchronism
frequency is obtained. Here
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df c? tion to the mode TE), extending the radiation spectrum
Vg~ ZWdT T onf zq(f)1 (300 over a wide range of frequencies from a few tens of GHz to
% more then THz. Figure 6 shows the energy spectral densities
is the group velocity of the excited mode of the excited waveguide modes as the beam energy is in-

The effect of super-radiance emerges when the duration dfreased.
the electron beam pulse is much less than the period of the
electromagnetic waves expected to be excited at synchro-
nism frequencies according to Table Il. The waveguide and VIl. CONCLUSIONS
e-beam dispersion curves when the acceleration energy is
E,=2 MeV are shown in Fig. 3. In this case a single wave-
guide mode TE; is excited at two separated synchronism
frequencies(slow and fast 46.1 and 149.5 GHz, respec-
tively. The spectral density of energy flux calculated with the
codewssD is shown in Fig. 4a). The spectrum peaks at the
two synchronism frequencies with mainlobe bandwidth of
Afy=1/7g, , Whererg, ~ NW)\W|(1/UZO)_(1/U91,2)| is the

The presented coupled-mode theory, formulated in the
frequency domain, enables development of a three-
dimensional model, which can accurately describe wideband
interactions between radiation and electron beam in electron
devices and free-electron lasers. Space-frequency solution of
the electromagnetic equations considers dispersive effects
arising from the resonator and gain medium. Such effects
. Py, : : lay a role also in the special case of grazing, and cannot be
shppage_ time. The corrgspondmg temporal ‘wave paCkegccurately treated in approximated space-time approaches.
[s.hown n Fig. 4b)] consists .Of two SIOW and fast. pulses.We note that our space-frequency model described here also
with durations equal to the slippage times modulating carriy, ijjitates the consideration of statistical features of the elec-
ers at their respective synchronism frequencies. The correl;{lr-on beam and the excited radiation, enabling simulation of

tion function given in Eq(7) is drawn in Fig. 110)- Lovx_/ering the interaction of a free-electron laser operating in the linear
the beam energy td&,~1.62 MeV results in grazing be- and nonlinear regimes.

tween thee-beam and the waveguide dispersion curves at a
single synchronism frequency, 69.6 GHz. The spectrum in
the case of grazing, t_he correspondl_ng t_emporal wave packet, ACKNOWLEDGMENTS
and correlation function are shown in Fig. 5.

As the acceleration energy is increased, transverse modes The research was supported by the Israel Science Foun-
of higher orders are being excited simultaneougiyaddi- dation and the Israel Ministry of Science.
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